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Abstract—In this paper, we consider the distributed frequency
estimation problem where nodes of a network collaborate with
each other to estimate the frequency of a single-frequency
signal from measurements corrupted by impulsive noise. In the
proposed algorithm, we reduce the impulsive noise effect by using
the maximum correntropy criteria (MCC). The MCC is a robust
optimality criterion for non-Gaussian signal processing. In the
proposed algorithm, each node employs an adaptive notch filter
to filter the input noisy measurements. The nodes collaborate
with each other to optimize a cost function (given in terms of
the MCC) in such a way that the filter output resembles as
closely as possible, the desired signal. To derive the algorithm,
we first formulate the distributed frequency estimation problem
in terms of the MCC. Next, we use the iterative gradient ascent
approach in our solution. The developed approach will be referred
to as the diffusion notch filter-MCC (dNF-MCC) algorithm.
The effectiveness of the proposed algorithm is demonstrated by
computer simulations.
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adaptive networks (i.e., incremental strategies and diffusion

strategies). It has been shown in [9] that adaptive networks are
more stable than consensus networks and they provide better
steady-state error performance. In this paper, we focus on an
adaptive network based solution.

We adopt the term adaptive networks from [10] to refer to
a collection of nodes that interact with each other and function
as a single adaptive entity that is able to track statistical
variations of data in real-time. The two major classes of adap-
tive networks are incremental strategy [11]-[14] and diffusion
strategy [15]-[19]. Comparing the two, incremental algorithms
require less communication among nodes of the networks
while diffusion algorithms are scalable and more robust to link
and node failure. In general, diffusion based algorithms consist
of two steps including the adaptation step, where the node
updates the weight estimate using local measurement data, and
the combination step where the information from the neighbors
are aggregated. Based on the order of these two steps, diffusion
algorithms can be categorized into two classes known as the
Combine-then-Adapt and Adapt-then-Combine (ATC).

In [20], a diffusion LMS algorithm for frequency estima-

The frequency estimation problem appears in many praction over sensor networks have been introduced. Although the

tical applications, such as biomedical engineering, power sysalgorithm works well in noisy environments, as we will show
tems, radar detection, source localization, and speech prin this paper, it performs poorly when the data are disturbed
cessing [1]. Several methods have been introduced in thiy impulsive noises. To address this issue, we need to move
literature for frequency estimation and tracking. In the absenceeyond mean squared error (MSE) and exploit higher order
of measurement noise, Pronys method can be applied [2fnoments of the error. To this end, we propose a new ATC
For noisy environments, different algorithms such as lineadiffusion algorithm which relies on the maximum correntropy
prediction (LP) methods have been developed [3]. When SNRriteria. MCC is a robust optimality criterion for non-Gaussian
is low and limited (short data length) is available, the principalsignal processing and has recently been successfully applied
eigenvector (PE) method is a proper solution [4]. For the menin adaptive filtering [21]-[23]. In the proposed algorithm,
tioned case, the total least squares (TLS) method can provideach node employs an adaptive notch filter to filter the input
better frequency estimation performance [5]. Adaptive notchhoisy measurements and generate the output signal. The nodes
filtering based methods are also developed for the frequenayollaborate with each other to optimize a cost function (given
estimation problem to track the time-varying frequencies.  in terms of the MCC) in such a way that the filter output
All mentioned methods have been developed for Singk_resembles as closely as possib.le, the desired signa!. To derive
processing node. However, in many practical applications, sucii® proposed algorithm, we first formulate the distributed

as radar, power systems, sensor networks we need to solf@juency estimation problem in terms of the MCC. Then,
frequency estimation problems in a fully distributed manner\e resort to iterative gradient ascent approach to solve it and

Recently, distributed estimation has become an important topig€rive the proposed algorithm, which will be referred to as
in signal processing research due to the developments e diffusion notch filter-MCC (dNF-MCC) algorithm. We also
Several useful distributed solutions for the estimation problenProposed algorithm.

have been developed, such as consensus strategies [6]-[8], The remainder of this paper is organized as follows. Section
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} Im{z} in correntropy is the complex Gaussian kernel which is given
""""" g by
X
1 —I¢|?
| gz €)= e (5 ©
o Comparing correntropy with MSE, we note that Correntropy
2 is a local similarity measure, whereas MSE is global; meaning

that all the samples in the joint space contribute appreciably
to the value of the similarity metric, while the locality of
correntropy means that the value is primarily dictated by the
kernel function along the: = y line. Thus, we can use the
localization provided by the kernel width to reduce the effects
II briefly reviews the notch filter and the maximum correntropy Of outliers in the measured data. Note that the metrics, such
criteria. In Section I, the proposed algorithm is introduced.as MSE that rely only on the second order moment can easily
In Section IV, we present simulation results to verify our get biased in such conditions.

theoretical analysis, and we conclude in Section V. Remark 1. It must be noted that in practice, the joint pdf
fx,y(x,y) is unknown and only finite number of samples
Il PRELIMINARY KNOWLEDGE {xy,ye}, t =1,2,...,L from X andY are available. Thus,
To make the paper self-contained, in this section, wea sample estimator for correntropy can be defined as
introduce the notch filter and maximum correntropy criteria.

Figure 1. Pole-zero plot for the 1IR notch filter with transfer function (2).

L
A 1
A. Notch Filter Co(X,Y) =7 > kolm — ) (6)
The transfer function for afi/ order IIR can be expressed t=1
as M M Remark 2. In general, a larger kernel size makes a kernel-
S aizt I1 (z = z) based algorithm less robust to the outliers, while a smaller
_ =0 i=1 kernel size makes the algorithm stall. Note thatas> oo the
H(z)= = (1) ; ! L
P , P MCC approximately becomes equivalent to the MSE criterion.
Z%)biz—’ _Hl (z—=pi)
where in (1){z;}, i=1,2,--- ,M and{p;}, i =1,2,--- , P [1l. PROPOSEDALGORITHM
denote the zeros and poles &f(z) respectively. AsH (z) We consider a connected sensor network withsensors

reaches zero dt;} and infinity at{p; }, then we can obtain the (nodes) and denote it by a skt = {1,2,--- , N}. We denote
transfer function of a notch filter with desired properties, by thepy A/, the neighborhood nodes of no#lavhere, by definition,
appropriate placement of poles and zeros. In [24], the transfege havek € A. The network is deployed to estimate the
function for a notch filter has been introduced as follows  frequency of a sinusoidal signalt) = Asin(wot + ¢) through

Y (z) 146214 22 the collected measurements by its nodes. We can assume that at

H(z) = = 53 (2)  any discrete time instant, the observed discrete measurement
X(2) - 14 p0z71 4 p2 by the node can be expressed by
where = —2cos(wyT') (T is the sampling period used to
generate a discrete-time sinusoidal signal from a continuous xp(n) = Ay sin(wonT + ¢r) + ex(n) (7

time signal) and) < p < 1. The idea is to place constrained
pole-zero pairs with their angles equal 4@ relative to the where A;, and ¢, are the amplitude and initial phase respec-
horizontal axis on the pole-zero plot [24] (See Figure 1).tively andex(n) denotes the observation noise term which is
Taking the inverseZ transform of (2), we can obtain the input- modelled as zeros mean Gaussian with variarice Note that
output relation for the notch filter as the input-output relation for the notch filter embedded in node
k is given by

y(n) = —pfy(n—1)—p*y(n—2])+x(n)+0x(n—1)+z(n-2)

. . . . (3) yr(n) = —pOr(n)yr(n — 1) — p*yp(n — 2)

In this paper, we consider the given notch filter model in (2) 4 an(n) + Op(Man(n — 1) + ax(n—2) (8)
to develop our proposed algorithm. k KA TR k

B. Maxi c N Criteri wherefj(n) denotes the local estimate éfat time instant
- Maximum Lorrentropy riteria at nodek. We can estimaté at every node by an adaptive
For two scalar random variableés andY” the Correntropy filter algorithm as follows: at time instant, every nodek
is defined by [21] usesz(n) as the filter input and updaték (n) to generate
A the outputy, (n) such that as time evolveg, (n) converges to
Co(X,Y) ZE[rg (X —Y)] -2 cos(wOT).( T)o this end, we need to cons(id)er a suitable cost
= ko (z —y) fx v (z,y)dzdy (4)  function. Using the MCC, we can formulate the estimation of

wherex, (+) is a shift-invariant Mercer kernel, with the kernel parametep as the following optimization problem:

width ¢ > 0 and fx y(z,y) denotes the joint probability

distribution function ofX andY. The most widely used kernel argénax J(Ok(n) ©)

k(1)
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with

J(Ok(n)) = Jo Z Z exp <_(dk(n)2;2yk(n)) >

k=1m=n—L+1
(10)

whereJy = ﬁ Note that oncéy,(n) — —2 cos(woT), the

notch filter will reject the single-frequency sigrah(wonT +
¢r), SO the desired output id;(n) = 0. Hence, the cost
function in (10) will change to

J(0n(n)) = #ﬁ 3 exp (—gz;(zn)> (11)
k=1

Obviously the cost function in (11) can be expressed by the
following equivalent form

Figure 2. The network topology.

IV. SIMULATION RESULTS

In this section, we present the simulation results to show
the effectiveness of the proposed algorithm. To this end, we
N consider a network withV = 15 nodes as shown in Figure
J(Or(n)) = ZJk(Gk(n)) (12) 2. The frequency of the sinusoidal signaldg = 100 and
—1 the sampling rate is 600 Hz. So, the observed signal by every
nodek can be expressed as

ﬁU/%(”)) (13) zp(n) = sin(27100nT + @) + ex(n) (18)

1
= exp
V2 < 202
over where ¢y, is selected randomly for every node. To generate
Problems of the form in (11) can be solved by diffusionthe impulsive noise at nodé, we can assume that the
adaptive networks. The general adapt-then-combine (ATCineasurement noise term is given by

diffusion strategy solution for (11) is given by (n) () + b (1) gk 2 (1) (19)
Er(N) = Gr,1 (N k1) Gk, 2(10

=0(n—1 Vi (0 -1
¢r(n) = Ok(n — 1) + p (Vo Ji (0 (n — 1)) wheregy 1 (n) and g 2(n) are independent, zero mean Gaus-

where

Ji(Ok(n))

N . . 4 f .
sian noise with variances? ; ando? ,, respectively, and;(n)
= ; . Y,1 9,2’ AR
Oi(n) = Zcf’f‘m(”) (14 is a switch sequence of ones and zeros which is modeled as
=1

an independent and identically distributed Bernoulli random
where ¢ (n) denotes an intermediate estimate at ndde process with occurrence probabilitiesptal(n) = 1) = pr .
> 0 is the step-size parameter aRt} denotes the gradient Note that the variance ajj 2(n) is chosen to be very much
J (0 (n— 1) with respect td,(n — 1). Moreover, nonnegative larger than that ofy; 1(n) so that wherb,(n) = 1, a large

coefficientscy, satisfy the following conditions amplitude impulse is generated. In our simulations we set
k=0, &N o2, = 0.001, o7 5 = 500007 ;and pr = 0.02. For the notch
N BT k filter, we setp = 0.95. For the given algorithm in [20], we
Sew=1 kel (15)  select the step-size as 0.01, while for the proposed algorithm
k=1 we sety = 0.2 and kernel sizes = 1.5. Note that these
- ; ; ; ; parameters are selected for the mentioned algorithms such that
tsoug):(tguilqg)]ygl(e%;n (11) and taking the gradient with respect when the observation noise is Gaussian, their performance
is similar. In Figure 3, the learning curves, in terms of the
—yk(n) network mean-square deviation (MSD) metric, for both algo-
VoJi(Bk(n — 1)) = o3 <_ py(n —1) rithms are presented. Note that the network MSD is defined
—yi(n) as 1
tak(n—1) fexp | — 5 (16) MSD £ — lim E [|65(n) — 6]%]
(op N n—oo
Replacing (16) in (14) gives the update equation for ourFrom Figure 3, we can see that the proposed algorithm
proposed algorithm as follows achieves lower steady-state MSD than the dNF-LMS algo-
rithm. The stead-state frequency for notdle= 4 for both
Pr(n) = Ox(n —1) algorithms are plotted in Figure 4, where it is clear that the
. e () [ —pyr(n — 1) + zp(n — 1) proposed algorithm prpvided more robust estimates than those
V2ro3 of the dNF-LMS algorithm.
—yi(n)
X exp ( 502 > V. CONCLUSIONS

N In this paper, we proposed a diffusion MCC-based notch
filtering algorithm for the distributed frequency estimation
Oi(n) = Zcék@(“) 17 problem. We resorted to iterative gradient ascent approach to
=1 derive the proposed algorithm. Simulation results showed that
The pseudo code for the proposed algorithm is given irthe proposed algorithm outperforms the available dNF-LMS
Algorithm 1. algorithm when data are corrupted by impulsive noise.
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Algorithm 1 Proposed Distributed Stackelberg Algorithm

1: Initialization
2: for n =3,4,--- do
3: For k € N, initialize ;(1), 0,(2),0,(3), u
4: Adaptation
.2
5: Every node updatesy(n) as ¢y (n) = 0x(n — 1) — L—yr(n) (—pyx(n — 1) + 2x(n — 1)) exp (73;;2"))
6: Combination N
7: Every node updateg,(n) asfi(n) = > cope(n)
(=1
8: end for
5 ‘ ‘ ‘ on Acoustics, Speech, and Signal Processing, vol. 30, no. 4, Aug 1982,
—— dNF-LMS pp. 671-675.
-10r Proposed | [5(] M. D. Rahman and K.-B. Yu, “Total least squares approach for
15l | frequency estimation using linear prediction,” IEEE Transactions on
Acoustics, Speech, and Signal Processing, vol. 35, no. 10, Oct 1987,
_ooh | pp. 1440-1454.
a [6] R. Olfati-Saber and R. M. Murray, “Consensus problems in networks
g -25¢ 1 of agents with switching topology and time-delays,” IEEE Transactions
_s0l | on Automatic Control, vol. 49, no. 9, Sept 2004, pp. 1520-1533.
[7] A. Nedic, A. Ozdaglar, and P. A. Parrilo, “Constrained consensus and
-35- b optimization in multi-agent networks,” IEEE Transactions on Automatic
0 Control, vol. 55, no. 4, April 2010, pp. 922-938.
[8] L. Chen and J. Frolik, “Active consensus over sensor networks via
—45 i ; ; selective communication,” in 2012 9th Annual IEEE Communications
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